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Abstract. We say that a d-polytope P is neighborly if every subset of [|J vertices is a face 
of P. This concept apphes naturally to oriented matroids. In 1982, Shemer introduced a 
sewing construction that allows to add a vertex to a neighborly polytope in such a way as to 
obtain a new neighborly polytope. We generalize this construction and extend it to oriented 
matroids. 

Moreover we provide a new construction that allows to extend balanced oriented matroids. 
In the dual setting, this means that given a neighborly matroid of rank d with n elements, 
we obtain a new neighborly matroid of rank d + 1 with n + 1 elements. With the help 
of this new construction, we are able to generate many non-realizable neighborly matroids 
and to prove that the number of neighborly d-polytopes with n vertices is greater than 
{(n - i)/e3/2)d("-i)/2 when n>2d. 



1. Introduction 

We say that a polytope is k-neighborly if every subset of vertices of size at most k is the 
set of vertices of one of its faces. It is easy to see that if a d-polytope is fc- neighborly for any 
k > [|J , then it must be the d-dimensional simplex A^. This is why we call a d-polytope 
neighborly if it is J -neighborly. 

Neighborly polytopes are one of the most interesting families of polytopes because of their 
extremal properties. One of the main reasons for this is the Upper Bound Theorem by 
McMullen {20] : The number of i-dimensional faces of a d-polytope P with n vertices is 
maximal for neighborly polytopes, for all i. 

The convex hull of any n points on the moment curve in M"', {(t, t^, . . . , t*^) : t G M}, 
determines a neighborly polytope: the cyclic polytope c(n, d). The first non-cyclic neighborly 
polytope was found by Griinbaum in |15| . who proved that for all /c > 2 there are non-cyclic 
neighborly (2A;)-polytopes with 2k + 4: vertices. 

In 1981, Barnette |1] introduced the facet splitting technique, that allowed him to construct 
infinitely many neighborly polytopes, and to prove that the number of (combinatorial types 
of) neighborly d-polytopes with n vertices, nb(?i, d), is bigger than 

(2n-4)! 



nb(n, d) > 



n!(n-2)!(/3) 



This bound was improved by Shemer in [24j, where he introduced the sewing construction 
to build an infinite family of neighborly polytopes in any even dimension. Given a neighborly 
d-polytope with n vertices and a suitable flag of faces, one can "sew" a new vertex onto it to 
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get a new neighborly d-polytope with n + 1 vertices. With this construction, Shemer proved 
that nb(n, d) is greater than 



nb(n, d) > 



1 



n 



d+l 



2Cd?ilogn 



where Q — )• | when d — )• oo. 

This is a quite surprising result when it is combined with the fact that Goodman and Pollack 
proved in [2] that nb/(n, d) < 2'^('^+^)"'°§", where nhi{n,d) is the number of (combinatorial 
types of) vertex-labeled d-polytopes with n vertices. Alon [1] improved this bound to 



nhi{n, d) < 



nxd2n{l+o{l)) 
d) 



when ^ 



oo. 



Recently, Bisztriczky extended Shemer's technique to odd dimension [5j, while Lee and 
Menzel provided a generalization of the sewing construction to non-simplicial polytopes |19j . 
In |26| details on how to compute the face lattice of a sewn polytope are given. 

Oriented matroids are an abstract model for combinatorial geometry. In this sense, oriented 
matroids can be considered as a generalization of point configurations such as the vertex set 
of a convex polytope. The concept of neighborly polytope extends naturally to neighborly 
oriented matroids, see jlO] or [25] . 



The first main result of this paper is Theorem 3.7, which is a generalization of the sewing 
construction to oriented matroids. It is a formulation valid for any rank (like in [5]) and 
extends to a bigger family of flags of faces that includes Barnette's facet splitting. Proposi- 
tion 3.8 shows that in odd ranks, these are all the possible flags. The language of oriented 



matroids makes this proof of the sewing construction simpler than previous versions. 

The major result in Section [4] is Theorem 4.2 which provides an alternative construction 
for neighborly matroids that works in the dual space. Given a neighborly matroid of rank d 
with n elements, we obtain a new neighborly matroid of rank d+l with n + 1 vertices. In a 
sense that we make precise in Section [5} this construction is a generalization of Shemer's. 

Both techniques are based on the concept of lexicographic extension of an oriented matroid, 
which turns out to be a very useful tool for constructing polytopes with certain properties. 
Combining them, we provide non-realizable neighborly oriented matroids with n vertices and 
rank r for any r > 5 and n > r + 5 in Theorem |5.4[ 

In the last section, Section [6| we use the dual construction to prove that the number of 
vertex-labeled neighborly polytopes with r + d + 1 vertices and dimension d is greater than 



nb/(r + d+l,d)> 



d \2 
'2) 



(r + 

r^2' d^2> e 2 2 



In particular, this bound is greater than 



n-l 

e3/2 



|rf(n-l) 



when n > 2d. This new bound not 



only improves Shemer's bound on the number of neighborly polytopes, but it is even greater 



than (!L^)4"'^^ current best lower bound on the number of all polytopes (valid only if 
n > 2d), found in [1]. 
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2. Balanced and Neighborly Oriented Matroids 

2.1. Preliminaries. We assume that the reader has some famiharity with the basics of ori- 
ented matroid theory; we refer to [12] for a nice introduction and to [6j for a comprehensive 
reference. We only present some results that we will directly use in our proofs. 

As for notation, Ai will be an oriented matroid of rank d on a ground set E, with circuits 
C{M), cocircuits C*{M), vectors V{M) and covectors V*{M). Its dual M* has rank r = n-d. 
Ai is uniform if the underlying matroid A4 is uniform, that is, every subset of size d is a basis. 

We view every vector (resp. covector) X indistinctly as a signed subset of -E, X = 
{X~^ , X~ , X^), or as a function from E to {+,—,0}". Hence, we will say X{e) = + (or 
even X{e) > 0) meaning e G X^. X denotes the support X^ U X^ of X. 

We say that two oriented matroids Aii and A^2 on respective ground sets Ei and E2 are 
isomorphic, A4i ~ A42, when there is a bijection between Ei and E2 that sends circuits of 
A^i to circuits of A^2 (equivalently vectors, cocircuits or covectors). 

A matroid M. is acyclic if it contains (+, +,...,+) as a covector. Its facets are the comple- 
ments of the supports of its positive cocircuits, and its faces the complements of its positive 
covectors. Faces of rank 1 are called vertices of A^. In particular, every d-polytope is an 
acyclic matroid of rank {d + 1). 

Similarly, a matroid is totally cyclic if it contains (+, +,...,+) as a vector. We use the 
notation Dr for the only totally cyclic oriented matroid of rank r with r + 1 elements. 

Two elements p,q £ E are covariant in M if they have the same sign in all circuits 
containing them; equivalently, if they have opposite signs in the cocircuits containing them. 
They are contravariant if they are covariant in the dual. We will say that p and q are 
(+1) -inseparable when they are covariant and that they are (—1) -inseparable when they are 
contravariant. 

We will need some constructions to deal with an oriented matroid Ai, in particular the 
deletion Ai\e and the contraction 7W/e of an element e. They are defined by their covectors: 

V*(A^ \e) = {V e {+,-,0}"-^ I {V,a) € V*{M) for some a G {+,-,0}} , 

V*{M/e) = {Ve {+, -,0}"-i I (y,0) G V*(A^)} . 

Deletion and contraction are dual operations — {A4 \e)* = {A4* /e) — that commute — 
{M. \p) /q = i-M /q) \p — and naturally extend to subsets 5 C by iteratively deleting 
(resp. contracting) every element in S. An important observation is that \ e and A4/e 
determine A4 up to the reorientation of e: 

Theorem 2.1 ( j21l Theorem 4.1]). Let A4' and Ai" be two oriented matroids with n — 1 
elements, of respective ranks d and d — 1, such that V*{Ai") C V*{Ai'). Then there is an 
oriented matroid Ai with n elements with an special element p that fulfills Ai\p = Ai' and 
Ai/p = Ai" . The oriented matroid Ai has rank d and is unique up to reorientation of p. 

2.2. Single Element Extensions. Let A\ be an oriented matroid on a set E. A single 
element extension of Ai is an oriented matroid 7W on a ground set E = EUp for some p ^ E, 
such that every circuit of is a circuit in Ai. Equivalently, Ai is a single element extension 
of Ai if AI is a restriction of Ai by deleting one element. We will only consider extensions 
that do not increase the rank, i.e., rank (AI) = rank (Ai). 

Let Ai = AiUp be a single element extension of Ai . Then, for every cocircuit C = (C+, C^) 
of Ai, there is a unique way to extend C to a cocircuit of Ai: exactly one of (C^ U p, C~), 
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(C~*", C~ Up) or {C^ ^ C~) is a cocircuit of M.. Hence, there is a unique function a that assigns 
to each cocircuit C the value of C(p) G {0, + , — } in TW. We call such a function the signature 
of the extension. 

Not every map from C*{M) to {0,+,—} corresponds to the signature of an extension. 
However, every valid signature uniquely determines the oriented matroid M U p. In [6l 
Chapter 7] (originally from |17j ) one can consult how to decide which signatures are valid, 
and how to determine all the cocircuits of ^A given the signature of the extension. 

We will be interested in one particular family of single element extensions called lexico- 
graphic extensions. 

Definition 2.2. Let M be an oriented matroid of rank r on a ground set E. Let k < r, let 
(ai, 02, ... , Ofc) be an ordered subset of E and let (si, S2, • • . , s^) G {+, — }^ be a sign vector. 
The lexicographic extension of by p = [0^^,03^, . . . ja^*"] is defined as the single element 
extension that has the cocircuit signature 




if i is minimal with C{ai) 7^ 0, 
if C{ai) = for i = 1, . . . , /c. 

We will often use the notation Ai [p] to denote a lexicographic extension ML) p. 



Proposition 2.3. If Ai is realizable, and A4[p] is a lexicographic extension of Ai, then A4[p] 
is realizable. 

Proof. Let the vector configuration V C MJ' he a realization Ai. If the signature of the 
lexicographic extension is p = [v^'^ , fg^, . . . , v^''], let v = sivi + es2V2 +e^S3t^3 + • • • + e^~^SfcUfc, 
for e > small enough. Then V L) v realizes AiU p. □ 

In the setting of a vector configuration V, the concept of lexicographic extension p = 
[vl^ , , . . . , v'^!'] is very easy to understand. For every hyperplane h through vectors in 
V \ {vi}, the new vector p must lie on the same side as sivi; for hyperplanes containing vi 
but not f2, p must lie on the same side as §2^2; etc. 

Observe that if U p is a lexicographic extension on p = [a^^, . . .], then p and ai are 
always (— si)-inseparable. 

Lexicographic extensions on uniform matroids behave well with respect to contractions. 



Proposition 2.6 can be seen as the restriction of Proposition 7.1.2] to lexicographic exten- 
sions, and will be a very useful tool. Before proving it, we need a pair of results. 

Lemma 2.4. Let Ai be a uniform oriented matroid with two a-inseparable elements x and y. 

(1) For every circuit X G C{Ai) with X{x) = and X{y) 7^ 0, there is a circuit X' G 
C{M) with X'{x) = -aX{y), X'{y) = and X'{e) = X{e) for all e i {x,y); 

(2) For every cocircuit C G C*{Ai) with C{x) = and C{y) 7^ 0, there is a cocircuit 
C G C*{M) with C'{x) = aC{y), C'{y) = and C'{e) = C{e) for all e ^ {x,y). 

Proof. Both statements are equivalent by duality. We prove the first one. 

Let X' G C{Ai) be the circuit with support X' = ^\?/Ux and such that X'{x) = —aX{y). 
This circuit exists because Ai is uniform. We will see that X'{e) = X{e) for all e € X' \ x. 
Let e £ X_ \ y, and let C be the cocircuit of Ai with C_ = E \ {X_ \ y\e). That makes 
C_r\X_ = {e, y}. Since y and x are a-inseparable, C{x) = —aC{y), and by circuit-cocircuit 
orthogonality, 

X{y)X{e) = -C(y)C(e) = aC(x)C(e). 
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But C n X' = {e,x}, and hence, again by orthogonality, X'{x)X'{e) = — C(x)C(e). The 
conclusion now follows from X'{x) = —aX{y). □ 

Lemma 2.5. If Ai is uniform and p = [a^^ , ■ ■ ■], then 

M/ai = {M[p]\p)/ai = {M[p] \ ai)/p. 

Proof. The first equality is direct. The second one follows from Lemma |2.4[ Indeed, every 
cocircuit of {M\p\/ai) \ p corresponds to a cocircuit C of Ai[p\ with C(ai) = and C{p) ^ 0. 



By Lemma 2.4, the values of C on e ^ {ai,p} coincide with the values of C" on e ^ {ai,p}, 
where C is a cocircuit of Ai[p\ with C'{ai) / and C'{jp) = 0. That is, C corresponds to a 
cocircuit of {J^[p\/p) \ ai. □ 

Proposition 2.6. Let Ai be a uniform oriented matroid of rank d on a ground set E, and 
A4 = Ai L) p a lexicographic extension by p = [a^^ , , . • • , a'^] ■ Then 

(1) M/p^{M/a,)[a-^-^\...,a-/^'% 

(2) Ml a, = {M /a,) [a^^ , . . . , , , . . . , a^'*] , 

(3) M/e = iM/e)[al\4\...,aX:l], 

where e ^ E is any element different from p and any ai, and the isomorphism Lp in eq. ([T]) is 
ip{a) = a for all a £ E \ {p, ai} and ip{ai) = . . . , a^^^^''] is the extending element. 

Proof. The proof of ^ and ^ is direct just by observing the signature of p in Ai 



To prove the case Ai/p, observe that (Ai/p) \ oi = A4/ai by Lemma 2.5 Therefore, 
we only need to prove that the signature of oi in (Ai/p) \ ai coincides with that of the 
lexicographic extension [a^*^^^, . . . , a^*^*'']. That is, let C G C*{Ai) be a cocircuit of Ai with 
C{p) = and C(ai) ^ and let k > 1 be minimal with C{ak) / 0. We want to see that 
C(ai) = -siSkC{ak). 



Because oi and p are (— si)-inseparable. Lemma 2.4 yields a cocircuit C G C*{Ai) with 
C'ip) = — siC(ai) and C'{ai) = and such that k is minimal with C'{ak) 7^ 0. Moreover 
C'{ak) = C{ak) and by the signature of the lexicographic extension C'{p) = SkC'{ak) = 
SkC{ak). The claim follows from comparing both expressions for C'{p). □ 

ibmce ^ and ^ are direct, the most interesting case of this lemma is the first one, namely 
Ai/p ^ {Ai / ai)[a2^^^^ , ■ ■ . , a;^'*^'''*]. The idea behind it is that every hyperplane that goes 
through p and not through ai looks very much like some hyperplane that goes through ai 
and not p. If si = +, then ai and p are very close, which means that when we perturb a 
hyperplane h that goes through ai with p in h^ to its analog h' through p, then oi lies in 
h'~ . On the other hand, if si = — , then ai and —p are very close, and to perturb h to h\ 
one must also switch its orientation. Hence if p was in h'^ , then ai is in h'~ . 



2.3. Balanced and neighborly oriented matroids. The definition of neighborliness can 
be generalized to oriented matroids, so that neighborly polytopes correspond to realizable 
neighborly oriented matroids. 

Definition 2.7. Let Ai be an oriented matroid of rank d on a ground set E. We say that 
M. is neighborly if every subset R C E of size at most [^^J is a face of A4. That is, there 
must exist a covector C of A4 with = E\R and C~ = 0. 
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In particular, every neighborly matroid is acyclic and all of its elements are vertices. An 
interesting property of neighborly matroids of odd rank (hence polytopes of even dimension) 
is that they are rigid. We call an oriented matroid Ai rigid if there is no other matroid that 
shares the same face lattice with M. 

Theorem 2.8 ([25' Theorem 4.2]). Every neighborly oriented matroid of rank 2m + l is rigid. 

Another important concept for this paper is that of balanced matroid. 

Definition 2.9. An oriented matroid of rank d A4 is balanced if every cocircuit C of 7W is 
halving, i.e., 

n-d+1 
2 

Let M be an oriented matroid. The discrepancy of a cocircuit C of is disc(C) = 
IIC"*"! — |C~||, and the discrepancy of Ai is the maximal discrepancy among its cocircuits, 
disc(A^) = maX(^g0«(_A/() disc(C). In a uniform oriented matroid, a cocircuit C is halving if 
and only if it has discrepancy or 1, and a uniform oriented matroid A4 is balanced if and 
only if it has discrepancy or 1. 

A key result is that neighborliness and balancedness are dual concepts: 

Proposition 2.10 ( |25l Proposition 3.2]). An oriented matroid Ai is neighborly if and only 
if its dual matroid M.* is balanced. 

We will also use the following lemma. 

Lemma 2.11. If Ai is a uniform balanced oriented matroid of rank r > 2 with n elements 
such that n — r — 1 is even, then all inseparable elements in Ai must be covariant. 

Analogously, if V is a uniform neighborly oriented matroid of odd rank 2m + 1 with at least 
2m + 3 elements, then all inseparable elements in V must be contravariant. 

Proof. Both results are equivalent by duality. To prove the second claim, observe that if p 
and q are a- inseparable in V, then they are also in V \ S for any S that contains neither p 
nor q. Hence we can remove elements from V until we are left with a neighborly matroid 
with 2m + 3 elements. All neighborly matroids of even dimension and corank 2 are cyclic 
polytopes, and those only have contravariant pairs. □ 

3. The sewing construction 

This section is devoted to explaining the sewing construction, introduced by Shemer in |24j . 
that allows to construct an infinite class of neighborly polytopes. Even if Shemer described 
the sewing construction in terms of Griinbaum's beneath-beyond technique, it is in fact a 
lexicographic extension, and we will explain it in these terms. In this section, we use the 
letter V for oriented matroids to reinforce the idea that all the following results translate 
directly to polytopes. 

Let V be an acyclic oriented matroid and let be a facet of V. That is, there exists a 
cocircuit Cp of V such that Cpie) = if e S F and Cpie) = + otherwise. Let p be a single 
element extension of V with signature dp. We say that p is beneath F if ap{CF) = +, that p 
is beyond F when apiCp) = —, and that p is on F if ap{CF) = 0. We say that an extension 
p oi V lies exactly beyond a set of facets J- if it lies beyond all facets in and beneath all 
facets not in J^. 



< IC+I < 



n 



d + l 
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It is enough to know the signature of p on the facet cocircuits of V to tell the whole face 
lattice ofVUp. 

A flag of an acyclic oriented matroid P is a strictly increasing sequence of proper faces 
Ti C T2 C • • • C Tfc. Given a flag T = {Tj}'^^^ of V, let be the set of facets of V that 
contain Tj, and let J^{T) := J^i \ {F2 \ (• • • \ ^k) ■■■ )'■, that is 



{Fi \ F2) U (J-3 \ J4) U • • • U {Fk-1 \ Fk) if k is even, 
{Fi\F2)^{F:i\Fi)\J---UFk if A; is odd. 



Given a polytope P with a flag T = Ti C T2 C ■ ■ ■ C T^, Shemer proved that there always 
exists an extension exactly beyond F{T), via the sewing construction. We will show that 
there is a lexicographic extension that realizes the desired signature. 

Definition 3.1 (Sewing onto a flag). Let T = {Tj}^^'^ be a flag of an acyclic matroid V. We 
extend it with Tk+i = V and define Ui = Ti\ Tj-i. We say that p is sewn onto V through T, 
if ]5 is a lexicographic extension 

p=[T+,U^,U+,...,uilf], 
where these sets represent their elements in any order. 

That is, p is a lexicographic extension p = [a^^ , , . . . , a^"] where ai , . . . , a„ are the points 
in Tk+i, sorted such that if Oj belongs to a Tg and aj does not then i < j, and where Sj is + 
if the smallest i such that xj G Ti is odd, and — otherwise. 

We use the notation P [7^ to designate the extension VUp when p is sewn onto V through T- 

In terms of oriented matroids, the definition of V[T] is ambiguous, since it can represent 
different oriented matroids. However, the following proposition shows that all the extensions 
VlT] have the same face lattice. Moreover, because of rigidity, this implies that there is no 
ambiguity when VlT] is neighborly of odd rank. 

Proposition 3.2. Let T = {Tj}^^'^ be a flag of an acyclic oriented matroid V , and let 
F{T) := Fi \ {F2 \ (• • • \ Fk) . . . ). If p is the lexicographic extension V U p = VlT], then p 
lies exactly beyond F . 

Proof. Let p be the lexicographic extension [a^^ , , . . • , 0.^/^^ ] from Definition 



3.1 



We have 

to see that p lies beneath any facet in F2j \ F2j+i and beyond any facet in F2j-i \ F2j- 

If C is a cocircuit representing a facet F in Fj \ Fj+i, then the first with C{ai) 7^ 
belongs to T^+i. If j is even then Si = + and hence p is beneath F. If j is odd then Si = — 
and p is beyond F. □ 

The sewing construction starts with a neighborly oriented matroid V of rank d with n 
elements and gives a neighborly oriented matroid V of rank d with n + 1 elements, provided 
that V has a universal flag. 

Definition 3.3. Let P be a uniform acyclic oriented matroid on E of rank and let m = 

(i) A face F of P is a universal face if the contraction V / F is neighborly. 

(ii) A flag T of P is a universal flag if T = {TjjJ^;^ where each Tj is a universal face with 
2j vertices. 

The first example of neighborly polytopes with universal flags are cyclic polytopes (see p 
Theorem 3.4]). 
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Example 3.4. Let c(n, 2m) be a cyclic polytope of even dimension 2m, with vertices si, . . . , s„ 
labeled in cyclic order. Then {sj, Si+i}, 1 < i < n and {si, s„} are universal edges of c(n, 2m). 
Moreover, c(n, 2m)/{sj, Sj+i} ~ c(n — 2,2m — 2) with the same cyclic order. In particular 
this gives a large family of universal flags of c(n, 2m) formed by faces that are the union of a 
universal edge of c{n, 2m) with a (possibly empty) universal face of c{n — 2, 2m — 2). 

With these notions, we are ready to present Shemer's Sewing Theorem |24| Theorem 4.6]. 

Theorem 3.5 (The Sewing Theorem). Let P be a neighborly polytope of dimension 2m with 
a universal flag T = {Tj}^^-^^, where Tj = {xi,yi}l^i. Let P = P[T], with p sewn onto P 
through T. Then, 

(1) P is a neighborly polytope with vertices vert (P) = vert (P) U {p}. 

(2) For all I < j < m, Tj^i U {xj,p} and U {yj,p} are universal faces of P. If 
moreover j is even, then Tj is also a universal face of P. 



Combining Example 3.4 and Theorem 3.5, one can obtain a large family of neighborly 
polytopes: starting with an even-dimensional cyclic polytope and one of its universal flags, 
sew a new vertex onto it and obtain a new neighborly polytope (point [l] of Theorem 3.5) 
with new universal flags (from point [2] of Theorem 3.5). Since the new polytope has universal 
flags, one can keep sewing again. This method generates a family of neighborly polytopes S, 
that we call totally sewn polytope^ 



In Theorem |3.7| we generalize Theorem 3.5 to neighborly oriented matroids. Our formula- 
tion, like [5l, Theorem 2], does not depend on the parity of the rank. Moreover, it is extended 
to any flag that contains a universal subflag, as suggested in |24| Remark 7.4]. In order to 
prove it, we need a lemma. 

We will use the notation V /Ti = {T'-/Ti}f^^^^ where Tj/Tj is the face of V/Ti that 
represents Tj. 

Lemma 3.6. Let V be a uniform neighborly matroid of rank d. Let T' = {Tj}j^^ be a flag 
ofV that contains a universal subflag T = {Tjl^Li; where m = |_^^J and Tj = {xi^yi^l^^. 
Let p be sewn onto V through T' ■ IfT^i U {yi} does not belong to T' , then 

v[r]/{T,^i,xi,p} ^ iv/T,)[rm. 

The isomorphism sends yi to the sewn vertex and the remaining are the natural mappings. 



Proof. By Proposition 2.6, the contraction V[T']/Ti^i is a lexicographic extension of V/Ti^i 
whose signature coincides with that of [T'] by removing the first 2{i — 1) elements. Hence 
V\T']/Ti-i must be one of the extensions 

>/ri_i[x+,y+,x,^i,...], 
P/Ti_i[x7,yr,x/^i,...], 
P/ri_i[x+,yr,x,+ i,...], 
V/Ti_i[x-,yf,xr^^,...]. 

If T'-_^ is the face of T' corresponding to Tj_i, and C/j = Tj \ T'-_^, then the first two 
cases are possible when C/j = {xi,yi} and the last two cases are possible when C/j = {xi}. 



V[T']/Ti- 



^Shemer's concep t of totally sewn polytopes is slightly different, because we only admit those flags that 
come from Theorem 3.5 
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We use Proposition |2.6| twice on each of these (contracting successively Xi and p) to get 
V[r]/{T,^uXi,p} ~ (P/{r,_i,Xi,ya)[x+,,...] = {V /Ti)[r /Ti]. □ 

We can finahy state and prove the Extended Sewing Theorem. 

Theorem 3.7 (The Extended Sewing Theorem). Let V he a uniform neighborly oriented 
matroid of rank d with a universal flag T = {T-,}^-)^, where Tj = {xj, yj}]^]^ and m = |_^^J • 
Let T' = {Tj}^^]^ be a flag of V that contains T as a subflag. Let V = V[l~'], with p sewn 
onto V through T' ■ Then V is a uniform neighborly matroid of rank d. 

Proof. Depending on whether T[ = {xi,yi} or T[ = {xi}, the extension V = V Up \s either 
the lexicographic extension V = V \x\ , yj*" ,...], or P = P \x\ , , . . . ] . 

We check that V is neighborly by checking that V* is balanced, i.e., we check that every 
circuit X of "P is halving: 

(1) If X{j)) = 0, then X is halving, since it is a circuit of V, and V is neighborly. 



(2) If X{p) 7^ and X{xi) = 0, we use that p and xi are contravariant. By Lemma 2.4 
if X' £ C{T') is the circuit with X'{xi) = X{p) and support X' = \ p U xi, then 
\X~^\ = \X'^\ and \X~\ = \X'~\. Since X'{p) = 0, X' is halving by the previous point. 
Hence so is X. 

(3) If X{p) 7^ and X{xi) ^ 0, since p and xi are contravariant, X{p) = —X{xi). 
Observe that the rest of the values of X correspond to a circuit of 'P/{p,xi}. If 
P/{p,xi} is b alan ced, we are done. 



By Lemma 3.6, V/ip^xi} ~ V /Ti[T' /Ti]. Since {xi,yi} was a universal edge, 
V/Ti is a neighborly matroid and T' /Ti is a flag that contains the universal flag 
T/Ti. Then the result follows by induction on d. Observe for the base case that all 
acyclic universal matroids of rank 1 or 2 are neighborly. 

□ 

For matroids of odd rank, the flags of the previous theorem are the only ones that can yield 
a neighborly polytope. 

Proposition 3.8. Let V be a uniform neighborly oriented matroid of rank d = 2m + 1 with 
more than d+1 elements and with a flag T , and letV = V [T] , withp sewn ontoV through T ■ 
Then V is neighborly if and only if T contains a universal subflag. 



Proof. By Theorem |3.7[ this condition is sufficient. To find necessary conditions, we use that 

V is neighborly if and only if every circuit of V is halving. 

By definition, V = V\T] = V U p \s a lexicographic extension that has the form V = 

V ^^d\- Let X G C('P) be a circuit with {p, ai} C X. Since p and a\ are 
contravariant, X{j)) = —X{ai). Hence, if X is balanced, so must be X \ {p,ai}. Observe 
that X \ {p, ai} is a circuit of V/{p, ai} and that all the circuits of 'P/{p, ai} arise this way. 
Hence ai} must be neighborly. 

By Proposition |2.6[ 



V/{p,ai} ^V/{ai,a2} [ 



""3 ! "'4 1 1 ■ ■ ■ T "'d J 



Observe that 02 and 03 are (s2S3)-inseparable in V/{p,ai}, which is a neighborly matroid of 
odd rank and corank at least 2. By Lemma 2.11[ S2S3 = — . 
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In particular, either S2 = + and S3 = — , or S2 = — and S3 = +. The first option impHes that 
Ti = {01,02}, while the second option implies that Ti = {ai} and T2 = {01,02}- Moreover, 

V/{p,ai} is neighborly, then {V /{p, ai}) \ 02 ^ 'P/{ai,a2} must be neighborly and hence 
{oi, 02} must be a universal edge of V. 

Now the result follows by induction on d. For the base case just observe that neighborly 
matroids of rank 3 are polygons, and the only flags that yield a polygon with one extra vertex 
are of the form {x} C {x,y} or just {x,y}, where {x,y} is an edge of the polygon. □ 



F =[A+,E+,C-] F =[A+,E-,C+] 




Figure 1. Sewing onto {A,E} (middle) and sewing onto {A} C {A,E} 
(right). In the first case, {A,F} and {E,F} become universal faces, and 
{A, E} is not a universal face any more. In the second case, {A, F} and 
{A, E} are universal faces, while {E, F} is not. 



We can tell many universal faces (and flags) of the neighborly polytopes constructed using 
Theorem 3.7 thanks to Proposition |3.9[ which is the analogue of point [2] of Theorem 3.5 



We use the following notation. If T' = {Tj}j^i is a flag of V that contains a universal 
subflag T = {Tj}JLi, where Tj = {xi,yi}l^i, we will say that Ti is Xi-split (resp. yi-split) if 
Tj_i U {xi} (resp. Tj.i U {yj) belongs to V. 

Moreover, we say that Tj is even if the number of non-split faces Tj with j < i is even, 
otherwise we say that Tj is odd. 



Proposition 3.9. Let V be a uniform neighborly oriented matroid of rank d with a flag 
T' = {Tj}j^;^ that contains a universal subflag T = {Tj}^^-^, where Tj = {xi,yi}l^^ and 
m = |_^^J . Let V = V[T'], with p sewn onto V through T' ■ Then the following are universal 
faces ofV: 

(1) Ti, where 1 < i < m, ifTi is even. 

(2) {Tj \ Xi) yjp, where 1 < i < j < m, if 

(i) Tj is not split and Tj/Ti is even, or 
(a) Tj is Xi-split and Tj/T is odd, or 
(Hi) Tj is yi-split and Tj/T is even. 

(3) {Tj \ yi) U p, where 1 < i < j < m, if 

(i) Ti is not split and Tj/Ti is even, or 

(ii) Ti is Xi-split and Tj/Ti is even, or 
(Hi) Ti is yi-split and Tj/Ti is odd. 
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Proof. Without loss of generality, we will assume that all split faces are Xj-split. The proof 



relies on applying, case by case, Proposition 2.6 to reduce the contraction to a lexicographic 



extension that we know to be neighborly because of Theorem 3.7 We also use the following 
observation about the signature of the extension V\T']: the sign of Xi is + if and only if Tj_i 
is even. This follows from the fact that 



V 



1 yi ' 

« — c 



if Ti is Xj-split, 
if it is not split. 



P[...,a^ 

In particular, if Tj is even, V /Ti = V /Ti\T' /T.j\, and Tj is a universal flag. This proves pointjl} 
Moreover, independently of whether Tj is even or odd, 

[p/(r,_iU{x,})[y+,x:_^i, 



P/(T,„iUM) 



if Ti is split, 



\V/{Ti^i U {xi])[yl ,xf_^^, ...] if it is not. 



Hence, V / {Ti^iyj{xi,p}) ~ V /Ti[T' /T,]. If is not split V / {Ti^iU{y^,v}) ^ V/T^[r/T,]. 
Moreover, we know that Tj/Ti is a universal face of V /Ti\T' /Ti] when it is even. This proves 



points [2i 2iii , |3i] and |3ii[ 

If Ti is split, then ^/(Tj-i U{yj,p}) ~ V /Ti[—T' /Ti]^ where [—T'/Ti\ means the extension 
\T' /Ti] with the signs reversed. And using the previous observation, V /Ti[—T' /Ti]/ {Tj /T/) ~ 
V /Tj\T' /Tj\ when Tj/Ti is odd. Which proves the remaining points 



2ii 



and 



3iii 



□ 



In particular. Proposition 3.9 provides a simple way to tell universal flags of V\T']. If 
Ti is not split then {xi,p} and {yi,p} are universal edges of V\T']] if it is xi -split, then 
{xi,p} and {xi,yi} are universal edges of 'P\T']; and if it is yi-split, then {yi,p} and {xi, yi} 
are universal edges of V \T'] ■ Contracting any of these edges leaves a matroid isomorphic to 
V /Ti[T' /Ti], and we can inductively build a universal flag of V[T']- The rank 3 example in 
Figure [T] can give some intuition on why these universal edges appear. 

Example 3.10. Let be a neighborly oriented matroid of rank 5 with a universal tower 
T = {a,b} C {a,b,c,d}. Consider the following lexicographic extensions 

i+,5+,c",d",e+]. 



Pi 

P2 
P3 
PA 



and 



where e is any element of Ai. They give rise to the oriented matroids A4i = Ai[pi] 
M\p2], M3 = M[p3] and M4 = M[p4]. 

The following table shows for which A4i is each of the following sets of vertices a universal 
face. 





ab 


Pib 


api 


abed 


Pibcd 


apicd 


abpid 


abcpi 


Ml 


X 


/ 


/ 


/ 


X 


X 


/ 


/ 


M2 


/ 


X 


/ 


X 


/ 


X 


/ 


/ 


M3 


X 


/ 


/ 


X 


/ 


/ 


X 


/ 


M4 


/ 


X 


/ 


/ 


X 


/ 


X 


/ 



Remark 3.11. Theorem |3.7| not only generalizes the Sewing Theorem. It also includes Bar- 
nette's facet-splitting technique |4t Theorem 3]. 
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Just like we did to construct the family S, we can combine Example 3.4, Theorem 3.7 and 
Proposition 3.9 to obtain a large family of neighborly polytopes that contains S. We call 
this family £. In fact, since [19', Theorem 5.1] implies that cyclic polytopes belong to £, it is 
enough to start sewing on a simplex. 

Moreover, since every subpolytope of a neighborly polytope is a neighborly polytope, any 
polytope obtained from a polytope in £ and then omitting some vertices is also a neighborly 
polytope. The polytopes that can be obtained this way via sewing and omitting form a family 
that we denote O. 



4. The Gale sewing construction 

We present here a different construction, also based on lexicographic extensions, that allows 
us to construct neighborly matroids. This construction works in the dual, that is, it extends 
balanced matroids to new balanced matroids. 

Proposition 4.1. Let A4 be a uniform oriented matroid of rank r, let p he a lexicographic 
extension of M. on [oJ\ ag^, . . . , a*'"], and let q he a lexicographic extension of M. U p on 
[p'jtt]^,.. . , a~_i]. IfM = MUpU q, then disc{M) = disc(A^). 

Proof. We prove that disc(A^) = disc(A^) by checking that every cocircuit C of A4 has the 
same discrepancy as some cocircuit of M. . 

If C{p) 7^ and C{q) ^ then, by the definition of lexicographic extension, there is a 
cocircuit C of such that C\m = C and C{p) = —C{q). Hence \C~^\ = \C~^\ + 1 and 
IC^I = |C-| + 1. 

The cocircuits C with C{p) = correspond to c ocircuits of A4/p, and those with C{q) = 
correspond to cocircuits of Ai jq. Proposition 



2.6 



tells us that 

Mjp^Mjq^ 7W/ai[a2 . • • , a-'i'^jj^-^ ^-^ 
and the result follows by induction on r (it is trivial for r = 1). □ 

In a vector configuration V ^ the proof that has the same discrepancy as V is very 

easy to understand. For every hyperplane h spanned by y, if p S /i^ then q £ h~ , and hence 
q balances the discrepancy created by p. For a hyperplane h that goes through p but neither 
oi nor q, the fact that p and ai are inseparable implies that except for ai, h looks like a 
hyperplane spanned by V going through ai. Hence q must balance the discrepancy created 
by ai. For hyperplanes that go through p and ai but not 02 nor q, q balances the discrepancy 
created by 02 • And so on. 

And direct corollary: 

Theorem 4.2. Let Ai he a uniform halanced oriented matroid of rank r, let p he a lexico- 
graphic extension on [a'^^ ^af^ , . . . ,ap'], and let q he a lexicographic extension of Ai L) p on 
\p~ ,ai , . . . , a~_-^]. Then AiU pU q is balanced. 

This provides the following construction to construct balanced matroids (and hence, by 
duality, to construct neighborly matroids). Let A^o = 'Dj- be the oriented matroid associated 
to the totally cyclic vector configuration of rank r of minimal cardinality, which is balanced. 
And let 

Xk = [el\\...,el''/], yfc = [x^,e^p . . . ,e^(^_-^)], Mk = Mk-i[xk][yk], 
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where each eij is a different element of Aii-i. Then Mf^ is balanced, and M^. neighborly. 
Since A^o is realizable, A^|. is too, and hence A^^ represents a neighborly polytope. 

We call the double extension of Theorem |4.2| Gale sewing, and we denote by Q the family 
of polytopes whose dual is constructed by repeatedly Gale sewing from some P^- 

Corollary 4.3. Let V be a neighborly matroid of rank d and n elements, then there exists a 
neighborly matroid V of rank d + 2 with n + 2 elements with two distinguished elements x and 
y such that V/{x, y} = V. 

Cyclic polytopes are a first example of polytopes in G. 

Proposition 4.4. Let Ai be an oriented matroid dual to a cyclic polytope c{d,n), with el- 
ements si, S2, ■ ■ ■ , Sn labeled according to the cyclic order. Then the extension M U {x} = 
M\s-,s- _i,...,s^] is an oriented matroid dual to the cyclic polytope c{d + l,n + 1), with 

X = Sn+l- 

Proof. The circuits of the cyclic polytope are as follows: the circuits X and Y supported by 
the r + 1 points ei < 62 < • • • < e^+i are X{ei) = (-1)* and Y{ei) = (-1)'+^ [HI Section 9.4]. 

If C is a cocircuit of M.[x] (hence a circuit of its dual), the signature of the lexicographic 
extension implies that C{x) is opposite to the sign of the largest non-zero element. And thus 
Ux is dual to c((i + l,n + 1). □ 

When Gale sewing, one can interchange the role of ai, p and q as follows. 

Lemma 4.5. Let Ai be a uniform oriented matroid on a ground set E, and consider the 
lexicographic extensions 



p = 


[O'l^ , . . . , O'r'^], 




q = 


[P , 




• 5 '^r-ll: 


p' = 


[a^'\...,a;'^ 


1, 


4 = 


[p'- 


,ai,. 


• •,<-!] 


II 

V = 


[cLi , 0-2 ^ ^ ) • • • 




II 

Q = 


[p"~ 


,a^, . 


• • ) O-r-l 



Then, 

(4) M\p][q] ^ M[p][q], and 

(5) M\pM^M[p"][q''], 

where ip{p) = q' , ip{q) = p' and 99(e) = e for e £ E. If si = +, then tp{p) = ai, Tp{q) = q" , 
ip{ai) = p" and ip{e) = e for e £ E \ {ai}, and if si = —, then ip{p) = q" , ip{q) = ai, 
ip{ai) = p" and ^p{e) = e for e £ E \ {ai} 

Proof. We start proving A^[p][g] ~ AI [p'] [^z'] • That is, for every cocircuit C G C*(Al[p][g]) we 
want to find a cocircuit C E C* {Ai\p'][q']) with C"(v?(a)) = C{a) for alla£ EU {p, q}, that 
is C'{p') = C{q), C'{q') = C{p) and C'{e) = C(e) for e£E. Let D be the restiction of C to 
E. 

If C{q) 7^ and C{p) 7^ 0, let i be minimal with D{ai) ^ 0. By construction, C{p) = 
SiD{ai) and C{q) = —C{p) = —SiD{ai). By the definition of Alip'li'?'], there is a cocircuit C 
that expands D, with C'{p') = —SiD{ai) and C'{q') = —C{p') = SiD(ai). 

To deal with the case when C{q) = or C{p) = 0, by induction it is direct to see that 
Ai\p][q]/pc^M[p'][q']/q' and that Ai[p][q]/q2:iAi[p'][q']/p' . 

Now, to see that A^[p][g] ~ Ai[p"][Q'"] we can assume that si = +, otherwise we use eq. Q 
to change the order of p and q. In this case we will prove that Ai\p] ~ A^jj*"]. This suffices 
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and \a 



1 



,0^-1] Si^^ same signature when 



to prove eq. ([s]) since [p~ , aj~ , . . , 
p and oi are contravariant. 

For every cocircuit C G C*{M\p]) we want to find now a cocircuit C" £ C*{M\p"]) with 
= C(ai), C"(ai) = and C"{e) = C{e) for e G S \ {ai}. Again, let D be the 

restriction of C to £'. 

If C{p) 7^ and C(ai) 7^ 0, then C(p) = C(ai) = -D(ai). And -D can also be expanded 
to a cocircuit C" of with C"{p") = C"{ai) = D{ai). For circuits with C{p) / and 

C(ai) = 0, then M[p]/ai = A1[a^^ . . . , by Proposition [2^ Finally, if C{p) = 

OandC(ai) / 0, then, again by Proposition 2.6, 7W [p]/_p~7W a;:''''] = M[p"]/ai. □ 



Using Proposition 2.6 we obtain the following result that explains the contractions of Gale 
sewing extensions: 

Lemma 4.6. Let Ai be a uniform oriented matroid of rank r, and consider the lexicographic 
extensions 



p 
I 



S2 



. . . ,a 



SiSr 



Then iM\pM)/Q~iM/ai)[p'][q']. 



Proof. Repeatedly applying Proposition 2.6 



{M [p] [q] )/q={M [af , . . . , a^^] [p- , 



[p . ,a,._i] 

\p'~,...,a;_-^]. 



{M [al\. 



S2 



/p) [a^ ,...,a^_J 



V 

-S1S2 



-^^1 [V^(ai)-,...,a;_J 



i/)(ai)=p' 



□ 



In fact, from this result and Proposition 2.6, it is easy to derive that subpolytopes of Gale 
sewn polytopes are also Gale sewn: 

Proposition 4.7. Let V be a neighborly polytope in Q, and let e be an element ofV. Then 
V\e is also in Q . 

Proof. The proof is by induction on the rank of V. When V has rank then V* = T>r and 
{V\e)* =Vr/e = Vr-i. 

Otherwise, let M =V* . That V belongs to Q means that there is a matroid N whose dual 
M* corresponds to a polytope Q in Q, such that M. = AA[p][g] where p = [a^^^af^, . . . ,a^''] 
and q = [p~ , aj~, . . . , a^-il- show that for every element e of 7^, there is some element 

e' of such that {V \ e)* ~ {M / e')\p'][q'] = (Q \ e')*[p'][q']. Since rank Q = rankP - 2, by 
the induction hypothesis (Q \ e') G Q and the result follows. 

If e = g, then by Lemma [46l { V \ e)* = (A/'[p][g]) /q ~ {N /ai) The case e = p \s 

analogous because of LemmajXs} If e = ai, then (7^ \ e)* ~ {N /ai) [p'] [(?'], where p' and g' 
have the same signature as p and q but omitting the element Oj. For the remaining elements 
e, {V\er ^{N/e)[p][q]. □ 
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4.1. Combinatorial description of the polytopes in Q. Let P he a polytope that de- 
fines an acyclic oriented matroid V, and let = "P* be its dual matroid. The essence of 
Gale sewing is to construct a new polytope P whose matroid P is dual to 7W = A^[p], a 



lexicographic extension of on p = [a^^ , , . . . , a^*] . In this section we will see that the 
combinatorics of P are described by lexicographic triangulations of P. 

Remark 4.8. The resemblance with the description of the vertex figures of the neighborly 
cubical polytopes in [23] is not a coincidence. Indeed, the duals of those vertex figures are 
lexicographic extensions of the dual of a fixed neighborly polytope. 

Let Vl, . . . ,Vn he the vertices of P C M'^, and assume (reordering the ViS if necessary) that 
Ui is the dual element corresponding to Vi. Let V he the n x dn matrix whose rows list the 
coordinates of the Vj's: 



V 



Vl 
V2 



Then the following (n + 1) x (d + 1) matrix V encodes the vertices of P, for some small 
enough e. 



V 



-Vl - 
-V2- 

-Vk- 
Vk+l 



Vn 

_0_ 



-Si 
-S2e 



-SkS 






1 



fc-i 



The vertex figure of p in P is combinatorially equivalent to P, hence the faces of P that 
contain p are isomorphic to pyramids over faces of P. On the other hand, the faces of P that 
do not contain p correspond to faces of a regular subdivision of P: a lexicographic subdivision 
of P on [iJ^**^, i;^*^, . . . , v^**']. When k = r, then this subdivision is a triangulation. 

Our formulation of the definition of lexicographic subdivision is based on [11]. However 
we use a different ordering, the same as in [22], that mirrors the definition of lexicographic 
extension. See also | 18j . 

Definition 4.9. Let P be a d-polytope with n vertices vi, . . . ,Vn- The lexicographic subdivi- 
sion of P on [vl^ ,V2^, . . . ,vl''], where Sj = ±1, is defined recursively as follows. 

• If si = +1 (pushing), then the lexicographic subdivision of P is the union of the 



lexicographic subdivision of P\vi on 



, and the simplices joining vi to the 



(lexicographically subdivided) faces of P \ f 1 visible from it. 

If si = — 1 (pulling), then the lexicographic subdivision of P is the unique subdivision 
in which every maximal cell contains vi and which, restricted to each proper face F 
of P, coincides with the lexicographic subdivision of that face. 
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^5 







Figure 2. The lifting of a pentagon P to P when p = [a'^,a^]. Its upper 
envelope are pyramids over facets of P, while the lower envelope is the lexico- 
graphic triangulation of P on [a^,aj]. 



5. Comparing and combining the constructions 
In this section we compare and combine the two constructions, which are strongly related. 



The first goal is to prove that all neighborly polytopes in O belong to Q. From Proposition 4.7 
one deduces that to prove that O C ^ it is enough to see that S Q. As a first step we 
will prove that if we sew on a neighborly polytope in Q (through a specific universal flag), we 
obtain a new polytope in Q. 

Let 7^ be a neighborly matroid in Q. That means that its dual matroid Ai = V* is 
constructed using Gale sewing as in Section |4j Specifically, A4 = Aim where A^o = I'r is a 
minimal totally cyclic configuration {oq, • • . , Or} of rank r and 



Mk = Mk-i[xk][yk] 



with Xk and yk being the lexicographic extensions 



Xk 



' '^kr J' 



Vk 



Ffc ' ^fcl' • • • ' *^A;(r-l)J 



Let T. 



3 

^ . Define Vk 



\^i=Q{Xm—i^ ym—i\ 1 that is T-m—k — 

Ai*^i and observe that Vk = V /T^ 



m,ym, ■ ■ ■ ,Xk+i,yk+i}- And let T = 
m-k for /c = 0, . . . , m. By construction. 



7" is a universal flag of V. Let T' be some flag that contains T. Thanks to Lemma 4.5 
can assume without loss of generality that all split faces in T' are jy-sp lit 

We can apply the extended sewing construction of Theorem 
be "P U p, with p sewn onto V through T' ■ We define Tj+i = 
fm-k = {xm, ym,---, Xk+2, yk+2} U {yk+i} U {p} . Then T = {fi} 
V by Proposition E9I We denote Vk = V /f, 



we 



3/7| to P and T . Let V 

= Tj U ym-j U p, that is 
]^ is a universal flag of 
VkiV/Tm-k] where 



the sewn vertex is Xk+i, and thus Vk\xk+i 
refer to p as Xm+i- 



m-k and observe that Vk 
Vk- To provide shorter proofs, we will sometimes 
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Finally, let A4 = Aim be the oriented matroid constructed as follows: 

A^o = I^r+i on a ground set {di, . . . , a^+i, ii}, 

~ _ j [^fc 1 (efeO'^'^S • • • , (eA:r)~'''°1 if Tm-fc+i is not split in T', 
> (efci)^", • • ■ , {ekry""] if Tm-k+i is split in V. 

Xk+l = [yfc , (Cfcl)", • • • , (efc(r-l))"], 

Mk = Mk-i[yk][xk+i], 

where if e^j = x then Cij means the element labeled as x. 

Then we claim that Ai is the dual configuration of V, and hence P is in ^. 



A. 



B 



{A,D} 

C=[B+] A^ 
D = \C-\ D' 



D 



V 



duality 



B M 

'c 



sewmg 



E = [C+,D+,B- 



V 



duality 



M 




E 



A 



B {A,B,C} 

D = [C+,B- 
E= [D-,C- 



FlGURE 3. Example: Ai is constructed from {A,B} after Gale sewing C = 
[B+] and D = [C]. In its dual V = M*, {C, D} is a universal edge. V = V[E] 
is obtained by sewing EonV through {C, D}. Its dual matroid, Ai = V* can 
be constructed from {A,B,C} and Gale sewing D = [C^,B^] and E = 
[D-,C-]. 



Proposition 5.1. With the notations from above, Ai —V* via the isomorphism x ^ x. 

Proof. We will prove that Aik — 'Plj, for all k. The proof will use induction on k and assume 
that ^Ak-l — 'Pk-i- i^ straightforward that Aio — Vq since Vq is 0-dimensional. 



We will use Theorem 2.1 twice. Specifically, we will use that ifAi\p^M\p and 
Ai/p — J^/p, then A4 and M are the same oriented matroid up to the reorientation of p. If 
additionally there is an element q such that p and q are covariant (or contravariant) in M and 
M , then M ^ M . 

In particular, we will prove that Aik/xk+i ~ T^k/^k+i and that Aik \ Xk+i ~ T^k \ ^k+i- 
Then the claim Ai — V* will follow directly from the fact that Xk+i and yk are covariant in 
Aik and that Xk+i and yk are covariant in V^. 

Mk/xk+i ~ Vl/xk+i 
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Since V^/xk+i — Vl = M.k because Vk \ Xk+i — Vk, we just need to prove that 



(6) 

By Lemma 



4.6 



Mk/xk+i ~ Mk- 
(Mk/xk+i) ^ {Mk-i/xk)[x'^.][y'^.], where 



l^kl ■'■ • ■ ■>^kr 



and y'f. 



\^'k ' ^fci' ■ ■ ■ ' ^fc(r-i)]' Using that M.q/xi ~ A^o we get the desired result by induction on k. 



Mk \ ik+i ^ ^fc \ Xk+i 

The first step is to prove that {Aik \ Xk+i) \ Vk 
induction hypothesis, 



{'PI \ ^k+i) \ Vk- Indeed, using the 



{Mk \ xk+i) \yk = Mk-i ^ Vl-i = {Vk/{yk,xk+i})* = {VI \ xk+i) \ yk- 



Now we prove that {Mk \ Xk+i)/yk — {Vl \ Xk+i)/yk- First, using Lemma 
see that 



2.5 



and ([6]), 



we 



Now, using again Lemma 



{Mk \ xk+i)/yk ^ {Mk/xk+i) \ yk ^ Mk \ yk- 
and that Pk \ Xk+i — Vk-, we see that 



2.5 



{VI \ Xk+i)/yk = {Vk/xk+i \ yk)* ^ {Vk \ Xk+i/yk)* = {Vk/VkT = Vk \ Vk- 
Our claim follows since Mk = VI by definition. 

so far we have seen that Mk\xk+i — Vl\xk+i up to reorientation 



Because of Theorem 



2.1 



of yk- We will conclude the proof by seeing that yk and yk have the same orientation in 
and in A^fc respectively. 

If T^-k+i is not split, then yk is contravariant with Xk in A^^ by construction. More- 
over, yk is contravariant with Xk in {Vk/xk+i}* since they are covariant in the primal: by 



Proposition 2.6 



Vk/xk+i ^ {Vk [T' /Tm^k]) / Xk+1 ^ {Vk/xk) [y,^,...], 

Xk+l Xk 

where the last isomorphism sends Xk to the sewn vertex, which is (+l)-inseparable from yk- 
If Tm-k+i is split, then yk is covariant with Xk in Mk- Moreover, yk is covariant with Xk 
in {Vk/xk+iT because Vk/xk+i =i Vk/xk[y'^, . • .]. 

□ 



There is a missing detail to conclude that £ Q Q from Proposition 5.1 we have to check that 
after sewing, the universal flags of Proposition 



for some Gale sewn configuration. 



3.9 



are also of the form Tj = u|^q(x. 



i=0 K-^m—i: ym—i 



This is consequence of Lemma 4.5, which allows to change the order of the sewings in M. 

Remark 5.2. The fact that £ implies that in some sense Gale sewing generalizes ordinary 
sewing. However, it is not true that Theorem 3.5 is a consequence of Theorem 4.2, because 
there are neighborly matroids that have universal flags but are not in Q. Hence one can sew on 
them but they cannot be treated with Proposition 5.1 This will become clear in Section 5.2 
where both constructions are needed. 
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5.1. Some exact numbers. Fix n and d = 2m. We have worked with four famihes of 
neighborly d-polytopes with n vertices: 

M: All neighborly d-polytopes with n vertices. 
Q: All Gale sewn d-polytopes with n vertices. 
S: All totally sewn d-polytopes with n vertices. 

£: All d-polytopes with n vertices obtained with the extended sewing construction. 
O: All c?-polytopes with n vertices obtained by extended sewing and omitting. 

Table [l] contains the exact number of combinatorial types in each of these families for the 
cases d = 4 and n = 8, 9 and for d = 6 and n = 10. Exact numbers for J\f come from [3j 
and |8] , exact numbers for S and O come from [23] . Numbers for Q and £ have been computed 
with the help of polymake jl3j . 

Table 1 . Exact number of combinatorial types 



d 


n 


S 


£ 


O 


g 




4 


8 


3 


3 


3 


3 


3 


4 


9 


18 


18 


18 


18 


23 


6 


10 


15 


26 


28 


28 


37 



In view of Table [T| the relationships that we know between these families are summarized 
in the following proposition. 

Proposition 5.3. S <^£ CO cg Gj\f. 

Which yields the following question. 

Question 1. IsO = g? 



5.2. Non-realizable neighborly oriented matroids. Because the only neighborly ori- 
ented matroids of rank 3 are cyclic polytopes, there are no non-realizable neighborly oriented 
matroids of rank 3. However, the sphere "M425" from Altshuler's list [2] corresponds to a 
neighborly matroid of rank 5 with 10 elements. In [7j, this matroid is proved to be non- 
realizable, giving a proof that there exist non-realizable neighborly matroids. Kortenkamp's 
construction |16| can be used to build non-realizable neighborly matroids of corank 3. We 
show that there are many non-realizable neighborly matroids. 

Theorem 5.4. There exists a non-realizable neighborly matroid of rank d with n elements 
for every d> 5 and n > d + 5. 

Proof We start with M|2°5- With the vertex labeling of [2j, {0,1}, {2,3}, {4,5}, {6,7} and 
{8,9} are universal edges of MI25 because the corresponding contractions are polygons with 



8 vertices. In particular, {0, 1} C {0, 1, 2, 3} is a universal flag. Hence, applying Theorem 3.7 
we get many non-realizable matroids of rank 5 with n vertices for any n > 10. 

Now, applying Corollary |4.3| to these matroids, we get non-realizable oriented matroids of 
rank 5 + 2A: and n vertices for any k >0 and any n > 10 + 2k. 

To get non-realizable matroids of even rank, just observe that any single element extension 
on the dual of a neighborly matroid of rank 2k + 1 yields the dual of a neighborly matroid of 
rank 2k + 2. □ 
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All neighborly matroids of rank 2m + 1 that have n < 2m + 3 vertices are cyclic polytopes. 
Moreover, all oriented matroids of rank 5 with 8 elements are realizable [61 Corollary 8.3.3]. 



Hence the first case that Theorem 5.4 does not deal with are neighborly matroids of rank 5 
with 9 elements. 

Question 2. Do there exist non-realizable neighborly oriented matroids of rank 5 on 9 ele- 
ments? 



6. Bounds on the number of neighborly polytopes 

The aim of this section is to find lower bounds for nbi{n,d), the number of combinatorial 
types of vertex-labeled neighborly polytopes with n vertices in dimension d. Because of 



Theorem 2.8, two neighborly polytopes with the same combinatorial type have the same 
oriented matroid. Therefore, it is enough to focus on giving bounds for the numbers of 
labeled realizable neighborly matroids. In the remainder of this paper, all polytopes and 
oriented matroids will be labeled. Our bounds will be so large that the naive bounds for 
unlabeled combinatorial types obtained by dividing by n! would have similar asymptotics. 



More precisely, we will use the Gale sewing technique of Theorem 4.2 to give lower bounds 
on the number of d-polytopes with n vertices that are in Q. 

A first step is to compute lower bounds for ii{n, r), the smallest number of different labeled 
lexicographic extensions that a balanced matroid of rank r with n elements can have. There 
are 2** ^^"'^-j, different expressions for lexicographic extensions of a matroid Ai of rank r and n 
elements, yet not all of them represent different labeled oriented matroids. We aim to avoid 
counting the same extension twice with two different expressions. 

Proposition 6.1. Let M be a rank r labeled balanced matroid with n = r + 1 + 2m elements. 
The number of different labeled lexicographic extensions of M. fulfills 

(7) ii{n,r)>2.- 

(n — r + \)\ 

Proof. We focus only on those extensions where Si = + for all i. Those are unambiguous 
except for the last element ap' . 

For this, observe that if [a^,...,a^] and [a'^^^, . . . , a^^], with r > 1, provide the same 
oriented matroid, then ai and o'^ must be contravariant. But balanced matroids of rank 



T >2 and r + 1 + 2m elements only have covariant pairs (see Lemma 2.11 ). If aj and are 
the first different elements and i < r, we can apply the previous argument on the contraction 
by {ai, . . . ,Oi_i}. 

For the last element, observe that A^/{ai, . . . , a^-i} is a matroid of rank 1, and that there 
are exactly two possible different extensions for a matroid of rank 1 . □ 

Remark 6.2. In the bound of ([7|), we lose a factor of up to 2^~^ from the real number. This 
factor is asymptotically much smaller than . In fact, it is not difficult to prove that 

r) > 2^~^ (^n-i){n-ry. gi'^™g some cyclic order to the elements of M. and counting only 
the lexicographic extensions [a^\ . . . , ap'] that fulfill 

(i) For 1 < i < r, ap is not l)~'^^i-'^ if 6 < aj_i and b and aj_i are a-inseparable in 
M/{ai, . . . ,ai_2}- 

(ii) For 1 < i < r, ap is not c"'^*'-i when there exists b with c < b < Oi-i such that b and aj_i 
are a-inseparable in A^/{ai, . . . , ai-2} and c is /3-inseparable from b in M./{ai, . . . , aj_i}. 
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(iii) Or and a^-i are a-inseparable in A4/{ai, . . . ,ar-2}, o-r-i < o-r and Sr = asr-i- 

But then the formulas become more comphcated and and adds nothing substantial to the 
result. 

Once we have bounds for ii{n,r), we can obtain bounds for nb/(n, d). But first we do a 
case where we know the exact number. 

Lemma 6.3. The number of labeled balanced matroids of rank r with r + 3 elements is 
i(r + 2)!. 

Proof. Balanced matroids of rank r with r+3 elements are dual to polygons with r+3 vertices 
in M^. There are clearly ^{r + 2)\ of them. □ 

We will need the following result on the inseparability graph of oriented matroids. The 
inseparability graph of an oriented matroid A4, IG{A4), is the graph that has the elements of 
Ai as vertices and whose edges are the pairs of inseparable elements. 

Theorem 6.4 ([9, Theorem 1.1]). Let M be a rank r uniform oriented matroid with n 
elements. 

• If r <1 or r > n — 1, then IG{Ai) is the complete graph. 

• If r = 2 or r = n — 2, then IG{Ai) is an n-cycle. 

• If 2 < r < n — 2, then IG{M) is either a n-cycle, or a disjoint union of chains. 

Lemma 6.5. The number of labeled balanced matroids of rank r with r + 1 + 2m elements 
fulfills 

nbi(2m + r + 1, 2m) > nbi(2m + r — 1, 2m — 2) li{r + 2m — 1, r). 



Proof. This bound is a consequence of Theorem 4.2 Fix a labeled balanced matroid Ai of 
rank r with r + 1 + 2(m — 1) elements. There are at least li{r + 2m — 1, r) different labeled 
lexicographic extensions on Jv[. Let p = [a^^, . . . , a^''] be any such extension, and let q be 
the extension q = a^^, . . . , a^._i\- We count the ways of labeling A^[p][g] such that p gets 
label 0, and the labeling of A^[p][g] on M preserves the relative order of the original labeling 
of M. There are clearly r + 2m ways to do it, which correspond to the possible labels that 
can be given to q. Since p is inseparable from at most two elements (see Theorem 6.4), and p 



and q are inseparable, we have counted each of these labeled matroids at most twice. Which 
gives nb;(2m + r + 1,2m) > nhi{2m + r - 1,2m - 2)^^i|^^;(r + 2m - l,r). □ 

Corollary 6.6. The number of labeled balanced matroids of rank r with r + 1 + 2m elements 
fulfills 

m—l 



2 ~\~ 2i 

nb/(2m + r + 1, 2m) > J| £i{r + l + 2i,r). 



i=0 



Combining Proposition 6.1 and Corollary |6.6[ we get the following bound on the number 
of labeled balanced matroids of rank r with r + 1 + 2m elements: 

(8) nhiir + 1 + 2m, 2m) > f[ • 

i=i ^'^^>- 
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Theorem 6.7. The number of labeled neighborly polytopes in dimension d with n vertices 
fulfills 

xihi{r + d+l,d) > ^ Z ' 2 , 

r^2' d^2> e 2 2 

that is, 

/ n-l \2 

nhi{n,d)> ^ ^ 



fn~d~l\2 ,d\ 

(n-d-l)V^^i d^2) 



n~d~l Y 3d(n-d-l) 

e 4 



Proof. First we assume that d = 2m is even. We start from Equation Q, and try to approx- 
imate the natural logarithm of nb;(r + 1 + 2m, 2m). Using that for any increasing function 

/jta-i/(^) ds<Eta/«,weget 

(m \ m r—1 

Jl (r + 2i)- I = ^ ^ In (r + 2z - j) 
i=l / i=l j=0 



VVln(2i+j)>/ / ln(2i+j)djdi 
i=i j=i Ji=o Jj=o 

(2?Ti + r)^ In (2m + r) — In (r) o, , . 3mr 
^ — - m'^ In (2m) . 



Hence, 



And therefore, 



, (2m + r)3(2™+'^)' 

nb/(r + l + 2m,2m) >-^, — — — 

r4 (2m) es 

(r + (i)(i + 5)' 



(9) nbi(r + d+l,d) > „ „ . 

r^2'' a*- 2' e 2 2 

If d = 2m+l, observe that any lexicographic extension of a balanced matroid with r+l+2m 
elements in rank r will be balanced. Moreover, if this extension is of the form p = [o^, . . .] 
(like the extensions in Proposition 6.1), then p and ai are the only pair of contravariant 
elements in M. Hence we can assign any of the possible r + 2m + 2 labels to p and we will 
have counted the extension at most twice. Therefore, 

2r + 2m + 2 

nbz(r + 2 + 2m, 2m + 1) > nbi(r + 1 + 2m, 2m) ^ li{r + 1 + 2m, r) 

r 

> nbi(r + 1 + 2m, 2m) JJ (2 + 2m + j) 
j=0 

Now, 

ln(nbi(r + 2m + 2,2m + l)) > / / In (2i + j) didj + / ln(2m + 2+j)dj 

J j=0 Ji=0 Jj=0 

> / / ln(2i + j)didj. 

J j=0 Ji=0 
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This last inequality is due to In (2m + 2 + j) > /j™^^ In (2i + j) di and proves that Equa- 
tion Q also holds for odd dimension. □ 

Corollary 6.8. If n > 2d, the number of labeled neighborly polytopes in dimension d with n 
vertices fulfills 

d(n-l) 

n — \ \ 2 

nb;(n, d) > 



/e3 
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